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The task of extracting a diverse subset from a dataset, often referred to as maximum diversification, plays a
pivotal role in various real-world applications that have far-reaching consequences. In this work, we delve
into the realm of fairness-aware data subset selection, specifically focusing on the problem of selecting a
diverse set of size k from a large collection of n data points (FairDiv). The FairDiv problem is well-studied in the
data management and theory community. In this work, we develop the first constant approximation algorithm
for FairDiv that runs in near-linear time using only linear space. In contrast, all previously known constant
approximation algorithms run in super-linear time (with respect to n or k) and use super-linear space. Our
approach achieves this efficiency by employing a novel combination of the Multiplicative Weight Update
method and advanced geometric data structures to implicitly and approximately solve a linear program.
Furthermore, we improve the efficiency of our techniques by constructing a coreset. Using our coreset, we also
propose the first efficient streaming algorithm for the FairDiv problem whose efficiency does not depend on
the distribution of data points. Empirical evaluation on million-sized datasets demonstrates that our algorithm
achieves the best diversity within a minute. All prior techniques are either highly inefficient or do not generate
a good solution.
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EFZ BT T, AFEERILE . Web %R HEERGEAFHMELS:, DA EIHE HHEER
ZHALI T GEFERNRRZHAL) . FEX TR e A mERE . FHik, &
KERN BRI RN AL, WHATE. Flin, BRI R 2 H bR ki —
AL E R S AR AR AS, (B GERTR HEAR Tl % DB B L, 53
AERW ., EXLAES, RAOVFR T A FERERZSHR S, HH R
SRR P2 2 FEAR AR MBS A

A% & THE R -/ DR PR AR AR AP . FRATS S —HIH T, K
AT H#E T B EUREER e (FRATREFRCAEI6) . e B0 i Sk,
HAr@r W S W14, PAE S WE Rk ARAH j ED kA, I H S i/ i
B, ATHFSE TILMTEE i A2 RY A i A8, X ddidi d o eiseE
BRI, NS HIRERRIR NN LIRS A i . B AR RY
PR, R IS DL 3K SET AT DA A B — A I EEIR A LT 2 g (22
R [227] . BARTRMIRERZEULREGER], HIEAT—LER5 R DAY 3G AA54E [7?
?? ) FERASA],

FATH T 17K ilx A AR

Example 1.1. Consider a state-court of Illinois, which wants to form a jury consisting of individ-
uals from the state. One of the primary goals of this jury selection task is to identify individuals
from neighborhoods that are far apart, i.e. maximize the minimum distance between selected in-
dividuals and have representation of people from diverse backgrounds and cultures. This problem
has often been studied as a max-min diversification problem [? ]. Figure ?? (a) shows the different

VARG CHE” R R MDA .
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individuals on the map, where each point is colored based on their sensitive attribute. Running a
traditional Max-min diversification algorithm on this dataset returned highly biased results (most
of the returned points belong to white, as shown in Figure ?? (b)). Using the fairness constraint,
the output contains points from different sensitive groups. The issue of fair jury selection has been
a key focus of courts across the world [? ? ], where many studies have recorded biases in jury and
its consequences in their decisions [? ].

EABIFF K TR IR -/ DR A PRV R B 2. BIE, RATERE LT
XA, ARIGTHE T AR TTER -
Problem Definition. {1153 —4 n M5 PR Fl—4H m 96 C = {c1,...,cm} « B4
B p € PERE— B c(p) € CHHFEEE. XTFAEMFHESC P, ¥ S(c;) ={peS|clp) =c;}
SR S AR, B ¢ o FATHEXT i < j U, S(cj) = SEBA S(ci) NS(cj) =0 . &%
div(S) = minp ges |1p — qllz PEEREL, Fom S 2 A S/ N O LEAFFE 2. A a7 i
W, FEEFEE SR, 1S llp - qll KFER pog € RY SHIRULEAT .

DEFINITION 1 (FAIRDIV). 48 R P n ey 6P, o d 2 — A%k, —4WRE C,
%ﬁé’?ﬁ; kl,kz, .. .,k'm 'f;i'f%‘ ZjE[l,mJ kj = k 5 E] *TJ‘:E;}&‘@J"‘/I\ %/ﬁ\ S* g P B 'Ti’f%" le(S*) }?ik'ﬂﬁ,
H AN TFHAN c;eC, CHBEFF S (¢))| = kj »

ik y" = div(S*) Wil FairDiv MR RAEZ FEME. XT2806 > 1, RATH— DR R
FairDiv [f) 5 MLUE, WIREREA ¢; € CIBEI—MEA div(S) = 5y 1 IS(e))l = k; A
S WPIEN 5 o BfE, TATR—DREREA (1 - AP 5 e, WRemsEA
¢j € CHRII—AEAT div(S) > Fy* I 1S(e))| = 1% A S .

Furthermore, we define the notion of coreset , which is useful in the next sections. A set G C P
is a (1 + ¢) -coreset for the FairDiv problem if there exists a subset S C G such that § satisfies the
fairness constraints and div(S) > y*/(1+¢) .

In many scenarios, the input consists of a stream of data which evolves over time, for example,
tweets generated in real time or reviews of restaurants on Google or beer reviews on social media [?
]. In the context of Twitter, the goal is to choose a representative subset of tweets in real time
originating from various geographic locations (diversity). This selection should ensure that every
topic (politics, sports, etc.) is sufficiently represented by related tweets (fairness). In this setting,
the above discussed methods would need to be run from scratch for each new tweet. Instead,
we study the extension of FairDiv problem when we receive the data in a streaming setting .
This problem has been studied in [? ] with various applications in modern database systems. In
another example, an application might handle massive amounts of data that cannot be stored in
memory to run an offline algorithm for the FairDiv problem. Instead, a pass is made over the data
storing and maintaining only a small subset of elements in memory (synopsis) that is used to get an
approximate solution for the FairDiv problem in the full dataset. During this pass, we maintain the
synopsis efficiently under new insertions and, when needed, we should return a fair and diverse
set representing all the items we have encountered in the stream. We have considered the beer
reviews dataset to evaluate our techniques in a streaming setting (Section ??).

DEFINITION 2 (SFAIRDIV). A4 T —20M & C fo i ki, ko, . ok AT Zjepim ki =k
 JE time ) t BY, RAVLE|—AFRE A c(pr) € C 89375 pr o LN Py A RN F] 89—
WA, AB|ETN t . EAEATELIR) ) L, BARARIEE P C P Ay N FE, EIUE
R Bk A2 Dy P ol 2O 3 Py P FairDiv 1A AR R 75 K .

AR ARl ey izt 22, DAREREA AP RIZ A R Eds XK k. 1
., A AN REMIER B RITEFINBE AT 2R gtk X . FATWFR THEm A e, Hi
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Notation Meaning
p Point set
n |P|
C Set of colors
m |C|
c(p) Color of point p € P
S(cj) Set of points with colorc; € Cin S C P
k Total output size (lower bound)
k; Output size having color ¢; (lower bound)
£ approximation error
s* Optimum solution for the FairDiv problem
div(S) | Diversity of set S (minimum pairwise distance)
Y div(S*)
T BBD-tree
A Matrix representation in MWU method
h probability vector in MWU method

Table 1. ffER

Problem Method Time Space Approximation Fairness
A 2 1 .

FairDiv/ No [?] O(n )3 Q(n®) , @ Exact, RandorArque(Ai

Coreset [?] O(nkm?) O(n +km?®) s Exact, Deterministic
NEW O(nk) O(n) ﬁ o -approx., Randomized

[?1] O(nk + (mk)?) Q(n+ (km)?) ﬁ Exact, Randomized

FairDiv/ Coreset 7] O(nk + K*m%) O(n +km?) m Exact, Deterministic
NEW O(n +mk?) O(n) ﬁ i -approx., Randomized

Update Post-processing

[?] O(log A) O((mk)?logA) | O(mklogA) 31;2 Exact, Deterministic

SFairDiv [?] O(logA) O((mk)*logA) | O(mklogA) ﬁﬂ) Exact, Randomized
NEW 0O(k) O(mk?) O(mk) ﬁ Tz -approx., Randomized

Construction Query

QFairDiv ‘ NEW 0(n) O(mk?) O(n) ‘ ﬁ ‘ 1= -approx., Randomized

Table 2. Comparison of our new algorithms with state—of-the-art. A = O(2") is the spread (max. over min.
pairwise distance). A > 2 is the exponent such that an LP with N constraints can be solved in O(N?) time.
For simplicity, we skip logo(l)

() H AR i AR A, A 25— AN DI, AR R A S B[] Py [l g X
kA AR e IR, FRAT5E T FairDiv IR —A 281

DEFINITION 3 ( QFAIRDIV) hE —tA RSP n Gy P, AR —WMAE C, Birtiit—
AL, 493 LR ENEH R A ki ko, ko BAF T jegam Ky = k P —A K
&S CPAR, 13 div(ST) A, FAMTAMc, (), Tikd IS (c)| > k; .

n factors.

1.1 gk

In Table ?? we show our main results and compare them with the state-of-the-art methods.

In Section ??, we present MFD, the first near-linear time algorithm for the FairDiv problem with
constant approximation ratio. Our algorithm is also the first constant approximation algorithm
that uses linear space. All previous constant approximation algorithms for FairDiv have super-
linear running time and super-linear space with respect to either n or k . For a constant ¢ € (0,1),
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we get an O(nk log® n) time algorithm that returns a -approximation for the FairDiv problem.

2(1+¢
The algorithm uses only O(n) space. Each fairness cc()nsiramt is satisfied approximately in expec-
tation: If S is the returned set then E[S(c;)] > % ,Vej € C. IIREA kj > 3(1 + ¢)e % log(2m)
HRAEK, W Section 22 1, AT ATHELIH, FEWF] O(nklog® n+ nlog & log n) Fi
EIF O(n) o, B 1-1/5 . JERIE P s

In Section ?? we show that any algorithm for the k’ -center clustering can be used to derive
a (1 + ¢) -coreset of small size efficiently. By constructing a coreset and then running our MFD
algorithm we geta ﬁ -approximation algorithm for the FairDiv problem that runs in O(n log k+
mk? log® k) time satisfying the fairness constraints approximately in expectation.

The generality of our coreset construction allows us to extend our algorithms in different set-
tings. In Section ??, we design an efficient streaming algorithm for the SFairDiv problem, called
StreamMFD, maintaining a coreset for the FairDiv problem. Our new streaming algorithm stores
O(mk) elements, takes O (k log k) update time per element for streaming processing, and O(mk? log® k)
time for post-processing to return a constant approximation for the SFairDiv problem satisfying
the fairness constraints approximately. In the range-query setting, we design a data structure of
O(nlog? ! n) space in O(nlog?! n) time, such that given a query rectangle R , a constant ¢, and
parameters ki,....kn ,itreturnsaset S C PN R in O(mk log ' n+ mk?log® k) time, such that S

isa 5 (1 7 -approximation for the FairDiv problem in P NR,and E[S(c;)] > 1 , for every color

cj € C. 7k Section 72 W1, FRAIIEF SRR EHEAT TS0, RUIFATHH VA HEH At IL L
E‘%i&i@@%ﬁ%ﬂ“?%@%o R A, Ei’z@Eﬁ?l‘ﬁ&%#ﬁﬁ‘]’&?é*%%%ﬁ%
T, AN TRRIG LR B TR . 45— AR RATH kR, Bk MR a2
FEPEE R ORISR M E R Z R 2R 2 . BUATN Y, MFD JEZ REMEATIZA T A
ZIEU?M T A .

2 T

Known techniques for FairDiv. FATEHERE T [2] FAENET LP &AL, PATRH
FairDiv [W @RI 58 BTN A ol B RO BE B AT b8 R . XFTEEEy v, fBfi]
filde T AR RIATEE R (LP).

(LP1) Z x;i>k; VejeC (1)
PiEP(Cj)

xi<1 VpeP (2)
pi€PNB(p.y/2)

12x 20, Vp; € P ®3)

B(p.y/2) Fomls p MEAR y/2 IER. QR (LP 22 ) RAT47, W25/ y EH. &0,
A2 R y (6. )5, AR T —F& AFOR, T3 FairDiv 5 81 20#
R, Wx (LP??) fufE 0 X T LP n4THIaRK 7 o BATAER [n ]E@Kﬁmﬁlﬁ ﬁDT'
MR =[]\ {o(1),...,o(t = 1)} HEEHLEER o (1) , DABEEESRARACA Pro(1) = b] = 52 1)
BFbeR . Téizﬁiﬂtf? o g, MBS C P TS p; € S HHALY 0()) < o(0)
JTH pe € POB(pj,y/2) o« BEATERT AT ER.

THEOREM 2.1 ([?]). LiX HikiAwm —A A div(S) > y* /2894 S, BIFN FHEANRE ¢;
E[IS(ci)l] = k; -

B, BRI AS T EA Q(n?) o BHCREL, ERTFEE O(n?) RIRER (LP 7?2
), A PNB(p,y/2)| = O(n) MTHRA M peP o K (LP??) MEEALBIFE O(n?) i}
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], Hodv AR50 LA N B RA N 250 LP TRAZE O(NY) IR SRR > o & A
WEAE O(n?) WHEI AT . MR R, BT O(n* logn) .

In the same paper they also propose the Fair-Greedy-Flow algorithm that returns a m
-approximation in O(nkm? log n) time, for constant ¢ . The algorithm maps the FairDiv problem to
a max-flow instance with O(km) nodes and O(mk?) edges.

[? ] AR b filiik 17— T FairDiv [ 8 (1 + &) -coreset, i {ITiz4T AR FT JH HIHY
Gonzalez ¥k [? ] B MEG I k' -center JEANANE, JS7 M P(cj) , XF K = ek ik G;
JHh P(C]) X BER TR R T R R)E, G = Uc «c Gy EFFf |Gl = 0(e%km) , B2
7E O(enk) IR . NURFCHTHEET 22 hi s B S E’J?}%U%*’Jfﬁ%/ﬁiﬂ%, #
I A, RRELE Okn -+ (km)) BRI AT div(S) > siimy” 03EE S |
FEASXTTFRREIE ¢; , E[IS(cj)|] > kj - To satisfy fairness exactly, we can combine the coreset
with the Fair-Greedy-flow algorithm [? ] to geta -approximation in O(kn + k?m*log k)
time.

SF Ay AN . EIRPTASUR, IR R AR 4L S o MEETE [7] PREER
PREAZEA 1-1/n R, ﬂiﬁ”dﬂm’fﬁfﬁ?; X, kHE (LP 22 [, AR H L 450 DA
T (ARRME) FIATHERERE § -

1
(m+1) (1+¢)

(FP1) > ik, VeeC 4
pi€P(cj)

yi<1  VYpeP ()
pi€PNB(p,y/6)

y; > 0, Vp; € P (6)

y,~>0andy[>0:|lpi—pgllz}§/, (7)

Vpi,p[ (S P(Cj),VCj eC

WREA c; € CHB kj = 36 % log(2m) , VEFHRM, AnAABATRN 'ﬁﬁﬁ*ﬁ‘%ﬁ*ﬁlﬁl%%/\ﬁ

AR, TR E—ANEE S, 15 div(S) = y* /6, H[S(c))| = 7 ; XTRA ;e C, %

2R 1-1/n. T?EEI’JzE, AR TR ZOR MR (LP 72 ) A RBAFHIX A4, Eﬂﬁ&ﬁ?%’

(LP 2?2 ), {42 AR (LP 22 ) 2 64k (FP??) § MUMBAYAE TR EE Q(n?) ],

IJHC %{$£1?BT[§JEE~&5/1 WA FAZ O, IBATRMIAE O(kn + (mk)>37) fHsfIa] Py
BB srpy LRAYE, ARSI 2 A T2

Geometric data structures.  FRATREAE T — 17/ ZEIRA T 1) 2 2L ER 451 «

BBD #¢ . AT FH A 2 B U B 454 J& BBD-tree  [?? ], B J& quadtree [? ] FJAE{A,
e RY hon ASEIES P BT ) BBD B2 R E N O(logn) (XK, A n A1, %
O 25 P I/ NI FF - i . T WIS 1 w AR5 X3, Oy #2688, 1% K nT
PRI, Wn] DU EHIE Z A X, DA S, F N s 0 T4 P, € PO, . iHHE
B, Droor =0 AR P =1, Wu—HMF, R P >1, A GHIET,
Wmwz, AEO, MO, 4X0O,. 577 ﬁaéﬂaéﬂﬁl:iﬁi“%lﬁ_ 2 RY 43 243X . BBD Hif
HA O(n) 2518], AIPATE O(nlogn) ETIETJ N i E—NSE e € (0,1) FI—4Ek B(x,r) in
RY | BBD RHE(TA AR T(x.r) , G410 "rwx r) = {un,...,ue} BT (R
JEA 8 = Ologn+e77) ), O(logn+e~4) WHAIN, X O, N0, =01<i<j<k,
A B(x,r) € Urcicie Ouy € B(x, (1+¢)r) il 4 i < k Py, WA &, BBD 0] ] T &
PN B(x,r) PIIA RALCEE PN (B(x, (1+6)r) \ B(x,r)) FRg—LET,

UM, A > 2. BT, SRR LP M ERIEEEA A > 237 [?7].
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hy |+ x5+ x3 <1
hy|xq + %, + %3+ X6 <1
hg|xq +x; +x3+ xXs+xs <1
hy|%1 + X4 <1

el e

X +x,21
P xztxatas+xe22
X1, X2, X3, X4, X5, X6 2 0

Fig. 2. Z2: MINm&E., HE: BRI BBD &, AE: RFEDWEIx e Pst.hTAx<b.

WSPD & . flPY S (2], H AATDAKE P e RY g 3] —A2p gxd 43 (WSPD)  [2?]
o 1£ O(e™nlogn) WHE HL, FRATAILAMITE—AS z = O(e™n) BEEGIIIE L ={Ly,.... L} , X
FEXF T 45 poge P, FFELj € L, F (1-ollp-qll <L < (1+9)llp—4ll -
Multiplicative Weight Update (MWU) method. R MWU J5 3Lk DA £8Pk w471k e
B,
Ax e P:Ax < b, ®)

HpAeR™" [ xeR" . beR™ [ Ax20. b>0M P 2R . EMHIBE, P A
IREEWE R TR 243, T A FOREEWRM CHEME” 0. VEEATE (2] ik TR
i 1 ORACLE [k fUHYE . 1B ORACLE g2 — Mgt , T RFMERIE h e R™ 1
PATRN BN 23
IxeP:h"Ax < h"b. 9)

ORACLE fff & /& i AETE W 2 BN x o A, BORFR A AT R D T 56
p - ORACLE J2—> ORACLE , %§34 ORACLE % %3k 3| & problem (??) 1 7] 47 ffk 7 &I,
Aix —b; € [-L,p] ALK i e [m'], Hir A 2 AWE i 47,

EVEE SR R IR 1/ m! (3 SRR ) i FER R, ZRESR AR (72)
o BN (22) R4, WGRIEFEE (22) shE LA AT HE R AT 4T, 3 x W BAR (77) Sk
IR . 1k 6 = S (AW — 1) BATEH Al = (8- /4 - DA[i] , v hli] 21
#R WS i ITER . 1R NN, RATPRFARLE E A K TR 1 & b BB AT AT )
B, 23t T =0(plog(m)/e?) VG, WHRAEFATI SV AT, EATRE x* = 2 3, x®
SN, AERFTE AR TIAT, AT B W )82 A T 4T . Overall, every algorithm
using the MWU method to solve a problem in the form of Equation (??) should implement two
procedures: Oracle(-) that implements a p -ORACLE and Update(-) that updates the probability
vector h.In [? ] B fiTHERA T AN EH.

THEOREM 2.2 ([? ]). Given a feasibility problem as defined above, a parameter ¢ , a p -ORACLE
implemented in procedure Oracle(-) , and an update procedure Update(-) , there is an algorithm
which either finds an x such that Vi, A;x; < b;+ ¢ or correctly concludes that the system is infeasible.
The algorithm makes O(plog(m’)/e?) calls to procedures Oracle(-) and Update(-) .

3 ®E%kY FAIRDIV Ei%k
TEAT R, ATFE T PR RO AR PR FairDiv g, 55— MRIE T AL
P, TSR AL T R AR R A L AP

3.1 HiZEmSa

High-level idea. Recall the LP-based algorithm proposed in [? ]: solve (LP ?? ) using an
LP solver and then round the solution as described in Section ??. We design a new algorithm that
uses the MWU approach to solve a modified feasibility problem. While the MWU approach can
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work directly on  (LP ?? ) it takes Q(n?) time to run. Instead, we define a new linear feasibility
problem, called (LP ?? ) and we use the MWU method to approximately solve (LP ?? ) in
near-linear time. Finally, we round its fractional solution to return a valid solution for the FairDiv
problem in near-linear time using advanced geometric data structures.

Assume that y is a pairwise distance among the items in P . Our algorithm checks whether
there exists a set S C P that satisfies the fairness constraints such that div(S) > ﬁ . We
map this decision problem to a new linear feasibility problem (LP ?? ) . The Constraints (??) and
Constraints (??) from (LP ?? ) remain the same. However, we slightly modify Constraints (??). For
apoint p we define a set S5 C P denoting its “neighboring” points, with a definition of neighboring
which is convenient for the data structure we use. The set S;, contains all points within distance
ﬁ from p , might contain some points within distance y/2 , and no point with distance more
than y/2 . The properties of the BBD tree are used to formally define S, . We define S, = {p €
O, NP | u € Up, ﬁ)} , i.e., the set of points in the canonical nodes returned by query
T (p, ﬁ) . We replace Constraints (??) with Zp,-es; x; < 1,Vp € P . Overall, the new feasibility

problem is:

(LP2) Z x; 2 k; VejeC (10)
pi€P(cj)

Z x;<1 VYpeP 11)
pi€S,

1>x,>0, Vp;eP (12)

We use the MWU method to compute a feasible solution for (LP ?? ) . Recall that the MWU
method solves feasibility problems in the form of Equation (??), 3x € £ : Ax < b . Next, we show
that (LP ?? ) can be written in this form by defining # , A, and b .

Instead of considering that the trivial constraints # contains only the inequalities 1 > x; > 0
, we assume that Constraints (??) are also trivial and contained in # . This will allow us later to
design a k -ORACLE. The set P is convex because it is defined as the intersection of m+n halfspaces
inR" . Hence, it is valid to use the MWU method. The new Constraints (??) define the binary square
matrix A , having one row for every point p € P . The value A[f,i] = 1if p; € S, , otherwise it is 0
. Finally, b is defined as a vector in R? with all elements being 1. From Theorem ??, we know that
the MWU method returns a solution that satisfies the constraints in # (Constraints (??) and (??))
exactly, while the Constraints (??) are satisfied with an ¢ additive error.

A straightforward implementation of the MWU method over (LP ?? ) would still take super-
quadratic time to run; even the computation of A takes O(n?) time. Our new algorithm does not
construct the matrix A explicitly. Likewise, it does not construct the sets S, explicitly. Instead,
we use geometric data structures to implicitly represent A and S, and execute our algorithm in
near-linear time.

RN GZFNTIEZ A, RMTEEFICEARE TS MWU ik RUR g
BILMTHERIRE LP A7 %[22 2 ] A IRATHY ) BURAT LT E e, (ERIRATTAT A, BT A
Bl S g LP ) (JUT) BORERBCA I RN IR M. g, 72 (2], fillid
T MWU D7 g U R Sk, a7 Rl e O T4 A Fp AR B R B
TEFATM S E L, A AT REA O(n?) D HAETAL, A X SUS R e TS AT ] 17
T RPER B 78 [22] v, AT — S UAAT i) R AL 1 3 S P i ) 3 B0 IR AR
Bla U de s o, IR, B S IRATHY MU KA I RS R AR . (H2, Al
Y PRV SO A KR 1) SR SESRATE R? B R AR FRATHR T AR A
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Bod i RFEE. i) AR BTN, AT QA R H Ik AW 2 A T2 id)
FairDiv H A OLAL [R5 A A T A D0 AL ) A [+

Example. We use a toy example to describe our new algorithm in the next paragraphs. In
Figure ?? (Left) we show the input points that consists of two blue points p;, p, and four red points
D3, P, D5, Pe - Let blue color be ¢; and red color be ¢, . The goal is to solve the FairDiv problem
among the five points with k; = 1 and k; = 2, i.e, our solution should contain at least one blue
and at least two red points. Throughout the example, we assume that y = 5and ¢ = 1. In Figure ??
(Middle) we show a simplified version of the BBD tree constructed on the input set. Each node
corresponds to a rectangle in R . For example, the node u® corresponds to the dashed rectangle
that contains p; and p, in Figure ?? (Left). The leaf nodes in the BBD tree correspond to the non-
empty cells in Figure ?? (Left). For simplicity, we assume that each grid cell has diagonal 1 (which
is equal to the maximum error ¢ ). Consider the blue point p; . The green circle with center p; has
radius y/(2(1 + ¢)) = 1.25 . By definition, all points that lie in grid cells that are intersected by
the green circle (the gray cells in Figure ?? (Left)) belong in S , i.e. S;l = {p1, p2, p3} - Notice that
p3 € Sp, because the green circle around p; intersects the grid cell (associated with the node u®
) that ps belongs to. On the other hand ps ¢ S; . Interestingly, S;, = {p1, ps} because a ball of
radius 1.25 and center p, intersects the cell that p; belongs to. We also have S;, = {p1, p2. p3, ps}
o Sp, = Ap1.p2.p3. ps. pe} . Sy, = {p3.pst, and S, = {p2, ps, ps} Using the sets S;, , in Figure 72
(Right), we show the ( LP ??) for our instance. The trivial constraints # are shown in the bottom,
while the main constraints are shown at the top.

New Algorithm. Our new algorithm is called M ultiplicative weight update method for F air
D iversification (MFD) and it is described in Algorithm ??. First it computes a sorted array I' of
(candidates of) pairwise distances in P . Then it runs a binary search on I' . Lines 2, 4, 5, 13, 14, 16
are all trivial executing the binary search on I' . Each time we find a feasible (infeasible) solution
for our optimization problem ( LP ??) we try larger (smaller) values of y . For a particulary € T,
in lines 4-16 we use the MWU method to solve ( LP ??). The algorithm follows the MWU method
as described in the end of Section ??. In particular, for at most T = O(e~2p log n) iterations, it calls
Oracle() in line 9 to decide whether there exists x such that AT Ax < h"b and x € P . Recall that
in our case b € R®" and b = {1,...,1}, so it is sufficient to decide whether there exists x such
that h\TAx < >, h[f] © hTAx < 1and x € P . If Oracle() returns a feasible solution % , in line
11 it updates the final solution % and uses the Update(-) procedure to update the vector h based
on x . If all T iterations return feasible solutions, in line 15 it computes the final solution of ( LP
??) for a given y . In the end, in line 17 we run a rounding procedure to derive the final set of
points S . Overall, the algorithm follows the high level idea of the LP-based algorithm in [? ], using
the MWU method [? ] instead of an LP solver. If Qr, Qo, Qu, Qr is the running time to compute
I', and run Oracle(-) Update(-) , and Round(-) , respectively, then the overall running time of
Algorithm ??is O (Qr + (¢ ?plogn)(Qo + Qu + n) log [T| + Qg) . Using the results in [? ] and [? ],
Or, Q0, Qu, Or = Q(n?) , leading to a super-quadratic time algorithm. In the next paragraphs, we
use geometric tools to show how we can find a set T and run all the procedures Oracle , Update,
Round only in near-linear time using only linear space with respect to n . We also show that p = k

The Oracle(:) procedure. We design a k -ORACLE procedure as defined in Section ??. The goal
is to decide whether there exists x such that AT Ax < 1 and x € $ . We note that Oracle(-) does
not compute the matrix A explicitly. 352 I, h" Ax 0] PAG R Zpiep QiXi XF—LL B2 a; .
HWHBTE, XTI ¢, AT B AR B HAEE c; 19 &k S, BARPHREE a .
AT LT IR o WA BB, RIGIWEABIE o Tk$ k; s/ DR X, &
1% JB| TGS, WTRARCKBREEHE D x € P hTAx . He)n, FOKGA R hTAx < 1.
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Algorithm 1: MFD(P, ¢, ky,. .., kn)

1 I' « Sorted array of pairwise distances in P ;
2 M —0, My —|T|-1, ke—ki+...+kmn;
3 T« O(e%plogn) ;

4 while M; # M,, do

s | M [(M+M,)/2], y—T[M];
6 £« (0,...,00T eR";

7 h(—(%,...,%TER";

8 for 1,...,T do

9 X « Oracle (P, h,y, &k, ....km) ;
10 if x # 0 then

11 X e—X+Xx;

12 Lh<—Update (P, x,y,€);

13 else

14 LMu<—M—l,Got0Line4;
15 X —x/T;

16 My — M;

17 S « Round (P, ¢, %) ;
18 return S ;

Algorithm 2: Oracle (P, h,y, &, k1,. ... kn)
1 7 « BBDtreeonP;

foreach u€ 7 do u;, «— 0

foreach p, € P do

Uy, — T (pe, Tyﬂ)) ;

foreach u € U,, do us — us +h[f];

oW N

(5

foreach p; € P do

wi <03

v « leafnode of 7 such that p; e J, N P;
foreach u in the path from v to the root of 7 do
10 L Wi — w; + U

o e N

1 x=(0,...,0) e R";

12 foreach ¢; € C do

13 Wj « k; -th smallest weight in {w; | p; € P(c;)} ;
14 P; — {pi € P(cj) | w; < W;};

15 foreach p; € Pjdo x;=1;

16 if X, cp X;w; < 1then return x ;
17 else return 0 (Infeasible) ;

FAGEN— R R h e R” o BEAME ALI] € h XPRTHFE A B5R i ATRORCE. 52,
B pe € PHRSGAUE h[£] AHRHK . FATIEMALS T 18 17— i & 2y BBD B P o i3
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T & Section ?? AR, (LT PSS b MTRHANW A u T , FROTWILEA—E
us =0 . KL T 2500 O(n) , WTLAFE O(nlog n) IS JE] NAAEE .

(S HIAVE ST BBD M 7, A Algorithm 22 it JEATR/R T A 22 B A7AE x , il
BhTAx <1 xeP . SHTHApoeP, BABITER T (b 5ig) » HFE -
3 Up, = Upe 5lsg) o TR w € Uy, . TATEH s — ug +h[e] . A58 THA
MG, FATEF AN pi € PIFGRSANTR . SOOI —ALE w; = 0 . FRATAE
& op B ROTIR, AN B 7 EE)E3A BBD BRI . o MONFRATEEBY T A AT
SR wi = wi +os AEWR TIAHEZ G wi , MTEMEO c; , RAOTILEE/NMG P(c)) F
B kj 5 owi o EFRATT Py BOMX BB . X TRA pie Py, WATRE 5 =1 B0, g
pi € Py Flc(p) =c; , WATHE % =0 WR T, cpwits < 1HFHLRME x A0 FT R
T W, ERRR A AT R T 5

E AN, FATEAFATETE ORACLEJE IEHIHY. FATH LY i = wi Ak
hTAx = Zp,«eP WiXi o IE];*E\—‘"F hTAx = ZpieP aiXj , Xﬁﬂ:i%ﬁ aj o *ETE‘%X; /I\ a; %lg
EXN @ = Ypephll] - T(ps € S5) . Forft T(py e 55) = LR py e S5, M 0 70, e
pi € Sy, WA E X, o A5 — I he] TEEAIH . BAFHE—DAT R v € Up, [fiF5 pi € Oy NP
o B p AR w B TARIO AT R . LS pi BT IR, BRATISERFIR T 3T A
u, FFHMT ue U, FATA hle] 2T us PG wi = wi +us FATRIT A[e]
WELEAE w; o BRPRUL, BATHRXA wi = a; , FATRIEELRE AT Ax HHEI Ay
LW RE AR5, FNLHET R MEE Xp,cp wixi #5/2 x € P o MTRMBE c; , A
BRI R Zpepicy) Xi = kj o FATHLAET X, cp Wixi = Zejec Lpep(c)) Wixi - HIEE, *f
TEAE wi kj BT % = 1x € PRCE, FDH Zp,ep(c,) wixi T/IMb. B RERA AR
g, B E T AR RS pi o MBI ¢ € CEEMFEMSE, RIS
AL, BAOTHRIERLIRB THL x € P Xy, cp wirs WIIR/IME. BRITE , FATHIFEIE
WHLIRIA T x € P hTAx < 1 RIATHE AR AT AT 1R ) @ 75 AT 47

Let x be the feasible solution returned by Oracle(+) . Notice that by definition, ¥ sets k variables
to 1. Hence, for each Constraint (??), it holds that A;x — b; < k — 1 and A;x — b; > —1, where A;
is the i -th row of A . Similarly, we can write A;x < k and A;x > 0 since b; = 1. We conclude that
our Oracle procedure computes a k -ORACLE as defined in [? ], so p =k .
Example (cont). We show the execution of Algorithm ?? in our example. Assume that h™ =
[.1,.1,.1,.1, 4,.2] , with hy+hy+hs+hs+hs+hs = 1. By the definition of canonical subsets in the BBD
tree, we have U, = {u®, u®} LU, = {u®, u® 43} LU, = {u®, 4} LUy, = {u(® 410}
,Up, = {uW}, and U, = {u®,u®, u®} . Hence, from lines 3-5 we get ul = hy+hy = 0.2
u =h =03, =he=01,u® = hy+hs =04, ul® = hy =005, u” =k =01
, us(8> = h; = 0.3, and all the rest us(i) = 0 . Then in lines 6-10 we compute the coefficients
w; . For example consider p; . We compute w; = us(w) + us(s) + uiz) + us(o) = 0.4 . Similarly, we
compute wp, = 0.5, w3 = 0.9, wy = 0.1, ws = 0.5, and wg = 0.4 . We observe that these are
indeed the correct coefficients in the inequality AT Ax < 1. For instance, the coefficient of x; is
hi+hy+hs+hy = 0.4 = w; . Overall, we have hT Ax = 0.4-x;+0.5-x3+0.9-x34+0.1-x4+0.5-x5+0.4- x4
and we correctly identified all coefficients. Then in line 13 among the blue points we choose the
smallest weight, W) = w; = 0.4 and among the red points we choose the second smallest weight
W, = wg = 0.4 . Hence, P; = {p;} and P, = {p4, ps} and the algorithm sets x" = [1,0,0,1,0,1] .
Finally, in line 16 the algorithm computes w; + wy +ws = 0.4+ 0.4+ 0.1 = 0.9 < 1 so x is a feasible
solution.

EATE ). XTSRRI R h FATHE O(nlogn) ISR NAHTE T o XT84 A pi
FATEEAE O(logn + &) IFRINHREN Uy, o WEHM, T WIS Ologn) 1y, DALY T4
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Algorithm 3: Update (P, x,y,¢)

9 <« BBDtreeonP;

foreach u€ 7 do u,, < 0;

foreach p; € P such that x; > 0 do

v < leaf node of 7" such that p; e 0, N P;

foreach u in the path fromv to the root of 7~ do
L Uy < Uy +X; 5

E I T S

7 foreach p, € P do

8 (up[ — T (pe, T);g)) ;

9 R, = Zue(up[ Uw ;

10 | S =IR-1];

11 Update h using J, ’s as described in [? ];

12 return b ;

R RAFFEGIMNY O(log n) BHFRITE wi o THEAEE )T, FRATHR SN LM i [R] Py 43 b (2
/N ko MRS, Qo =O0(nlogn+ne?).

The Update(-) procedure. %73k, AT AU AERR BRI UG A S H b o ik
AT = R E—RERTP I E PRI TR & 6 = |Ax — bl = [Ax 1], HH A 2 A
25 € 47 (¢-th 293 in (7?) ) o 7E [2 ] MATTFETTER 60 Ji5 DATHE 2 (B [ BB g4 hle] o 7
TG, R IAT I —FROR R E T TR 6, RATGFE Q(nk) B
], MIMF=E—A Q(nk?) W[ REAASEYE . #E Algorithm 22 vv ) FRATRIR T—Fit 50T
Se WP L. FATTHY Oracle HikRiAS i x BN 1 kA8, XT84 p e P, HirEbZ
) Ak = Spresr %= Spiess emoi o RINHEATFHRES T o WP u e T el
EXAB R uy =00 XTHNAE & >0p, WAVNER pi WHFIR, RERATTTHR
JEER, EEIFRATBLEARA . X TIHRATERN WA, ATER vy = v +5 . BRT
JG . MTRAYH R pe, BATBITEW T (pe, 311ry) » B8] Up, BHFET 5. FATIHH
Re & Yyeu,, thw = ZpieS;{ % = Aex . FRATRE] 6, = [Re — 1] IEAfME R ETIE A 956 ¢ 47
pi BRI RE 1M HALY pi € Sy, o FAITE O(n) BHRDEITHET B R Fi iR 7 o, 1
Fif(E. K5, XTFRApe, BOWE T Lisfr—AEE AR, HIRNFZE O(ogn+e79)
o MUKTIE, OQu =O0(nlogn+ne?).

Example (cont). We show the execution of the Update procedure using our example in Fig-
ure ??, assuming that x* = [1,0,1,0,1,0] . By definition, §; = 1,8, =1,8 =2,8,=0,8 =1
,and 8 = 0 . In lines 4-6, for p; we start from 119 and we traverse the tree bottom-up. We set

uso) = u‘(f) = uff) = ufg) = x[1] = 1. After traversing all points we have, uso) =1, u‘(f) =1,

uy,, =1, ufz) =1, uff) =1, uff) =2, u‘(y =2, u‘(f,)) = 3, and all the other nodes have weight 0 .

Then in line 10, we compute J, for each p, . For p; , we get U, = {u(5), u(s)} ,SOR; = u‘(f) +u£vg) =2
,and §; = |2 — 1| = 1. Similarly, we compute the other §;, ’s.

The Round(-) procedure.  The real vector X we get satisfies ( LP ??) approximately. From the
MWU method (see Theorem ??) the Constraints in # , (Constraints (??) and (??)) are satisfied

exactly, however the Constraints (??) are satisfied approximately. In fact, it holds that

Za?,-§1+e, VpeP (13)
Pi€S,
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Algorithm 4: Round (P, ¢, %)
1 F<P;
2 = < BBD tree for sampling on F ;

3 foreach ue Zdo uy « 1;
4 while F # 0 do

5 pi « E.sample(), F « F\{pi};

6 Uy, — E(pis 2(1Y+s)) ;

7 if u, ==1 for everyu € U, then

8 L S —Su{pi};

9 v « leafnode of = such that p; e 0, N P;

10 | foreach u in the path fromo to the root of Edo up < 0;
11 return S ;

FATBEOEA [? ] BERLE AREBRA % DU TLA, FFRBl—MEEE S C P AR FairDiv [
MR 5. T A A S A EA KK in [?] (7 Section 22 H A7 fij 224
), R AR (7)) S @) BRI, FOEERE TINARE ¢, IFHEATH
SIS S, i) in (2] BE ATORZH T AE0E I N TR . AP T —
PRI R R AT A

TEAM RS BR 8 ASRAZ 1, A TSEfliA—MERUS Y BBD B, FRATRHE &R A R0
Rbfo RTHEA pi€ P i, FATRHACEE SCR % o B ELEMALLE P AR BBD 44, FA]
BUCE, AERATAT AR -2 XAL pi IEAREE, L F C Pz P4 XA
TR uE , BAVFHEE us = Xy en,np %o, BIFFRELE u TR IR R X Z 1. BRH) F = P
FRATHEAN T O AT R BRBALAT R w AP T T R 0. e o FATLARER o/ (05 + &) 5
o, WATUMER e/ (us +e5) Vil e o HIATHE F PIEA—D R pi IF, FATAAFAH pi B
TR, SRSV RS, SRR DD u 1 R us — us — % o BRI, Ff]
MBS IER” TR pr AL, HAE T —UORFEEMUPAZ B E . AR, ek
UE TR i MEPAMIR -2 BB O TR AN S AR s P A B A w B
FATEBLE T — MR R up = 1o AR wp = 1 MIEREBRATEIEHAIALT OunP
M REAT R . AR wp = 0 WIEEIREFRATE &AL E— B AR Oy 0 P AR it T T
KA, PHBLFRATA AR T 5 81w u KRB A .

iEFAT S = 0 BHFATA FairDiv LR Wl — 4 ii. iEFAT F = P ZRATAT DA
RFFH—ALR, W b—Brid. (8, FATLMRSR o= XA p BEARFE. FATEH
F e F\{p:} . HE Tk, FABET—ADEW E(ps 5i5g) » NG —4L O(logn +~4) MY
MU, o MR u e Up, up =1, IBAFATE S HHEA pi o BN, FATASHRFHIAA S W,
HIEATE M E— YR S5, FORFET — A aie BT, M pi TR0 IR, 34T
i IARIETR, BB EAART S X TIRATE B E AT 0 ATBE 0g = 0. TEX P HHY
PiA R TR, FATREES S .

LEMMA 3.1. S P a4 RATIES A ﬁ T THEARE ¢; e C, RHFIZE[IS(c))] > 1%

Proor. B5E, FATIEWI S S/ INTABEIN sk o B po pe Se—XHERUNT ol W0
FERI K — ARG HE LT T po R ERORINEL S th. R pe TEJRLERER e Ay .
T 1o~ pell < gy MU S, FEAE—AMME— (0715w € Uy, §4% pi € Oy 0P o UL,
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pi PUTAEART w (TR b I TERWEEET p, WA Z w =0 (Hhu 2
pi KM TRIHLSE) , UL pe RETEA S H

Bk, BATPHE A FIEER . AEFRAT pe BN %0 > 0 H9— 5. RV, S5 Sy, HEE S
SR — RS t PR AR5

rlpe € S Zpr[ou) = pe | Vil Pr[V;] = Z z Pr[V,]
t=1 Pi

ESE x1
X¢ = X¢ X¢
Pr(V:] = =~ 2
Zp,es Xi = ZP!’ES;( Xi 1+e

S ARG BOL, 4 Sppes; & < 1+ 5 [ Constraints (72) o 3T ¢; € C , BIS(¢))[] 2

ERENLI
ZPiEP(Cj) 1+¢ = 1+e ° o

BALE Qr = O(n(logn + &) WM NIAT, BN E A O(logn) W, H HAEAEHIHS
7 O(logn + &~9) B[],
Example (cont). We show the execution of the Round procedure using our example in Figure ??.
Letx" = [.2,.2,.05,.15,.25,.15] . Initially, for every node u® in Figure ?? (Middle), we have ulgi) =1
. In the while loop (lines 4-10) we first sample a point from P . Let p, be the first point we sample.
We get Uy, = {u®,u®,u®} . All nodes in U, have weight 1 so in line 8, we add p; in S . Then,

starting from u? | we set all the weights of the nodes to 0 until we reach the root. Hence, we
set u(g) = 1(75) = ulgz) = ulso) = 1. In the next iteration of the while loop, assume that we sample
the point ps . We have U, = {u®,u® 4}  We observe that ul(f) = 0 so we do not add ps

in S . Intuitively, pg is very close to p; that we have already added. Starting from u® | we set

(3) = (1) = 0. In the next iteration, assume that we sample ps . We get U, = {u®} . Inline 7,

(4)

we observe thatu, " = 1so weadd ps in S . We also set u(7) (4) = 0 (all the other nodes above

u™ have already welght equal to 0 ). Next, assume that we sample ps . We have U, = {u®,uV}

) _ (1> ®) _ 0. Next, assume that we

© _¢

- However, u, = 0 so we do not add p; in S . We also set u,

sample p, . We have ‘LIP = {u®, 419} with u(é) = u(lo) =1.Sowe add pain S and we setu,

(5)

. In the final iteration, we sample p; . We get U, = {u(s) u®} and we observe that u,” =0sowe

do not add p; in S . We set ul(J1 ) =0.Our algorithm returns S = {pz, ps, pa} -

Compute the setI'. We note that so far we assumed that y is any distance and we tried to find
a solution S with div(S) > 5 (1 o -In order to find a good approximation of the optimum diversity
Y", we use the notion of the Well Separated Pair Decomposition (WSPD) [? ? ] briefly described
in Section ?2. Let T be the sorted array of O(n/e?) distances from WSPD. Any pairwise distance
in P can be appr0x1mated by a distance in the array I" within a factor 1 + ¢, hence, we mlght not

1+e :

We need O(ne~?log n) time to compute and sort the WSPD distances, so Qr = O(ne % logn) .

WA ARHE i, JAFGR] T — e

THEOREM 3.2. 3% C & —2A m e, PR ¥ doy—ARIn &, AP AL pe P i —
ANERE c(p) € CHAXIR, Fi& ki,...kmm A ki+.. +kp = k 0985 H. ke (0,1)
A=A T HAE—F AT FairDiv 9804 Hik, ZF kAW —4 S C P, 1&IFAFRE
¢; € CE[IS(c)l] 2 1% , 3 & O(nklog® n) 18 4o O(n) 214 ¥ div(S) 2 55 -
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32 EEEMSHE
TEA/NT R, BATRE AT _E—/ NTRYEEROR PG — DRI 58, Hoh A P2k
XTAESH6 € (0,1) AR EA 1-6 - BATA [2 ] PAFEE, HEHAMHBRIER I
AR, AT R I () AT
TR MWU 735 3E S I S 70 B & AR 0 B 40 9 e R™ i [pIAR—TF,
T J&—#RAE P AR BBD A, [RIAR—F, U(p, p) 21l T (p. ) R IEIRRLE T mide . B
Sp(B) € P2 SHET A Ulp, p) KEHIBIE I IR R, S, = Sp(sy) -
FATRIE g WA A T —4 (JRZtt) Zmfig.

Z yi2k, Vje[m] (14)
pi€P(cj)

Z y < l+¢ VpeP (15)
i<y st)

Y20,  VpeP (16)

yi>0andyg>0=>||pi—pg||2r};_€)2, a7

Vpi pe € P(¢;),Vj € [m]

B R, FA T T AR AR R § HOSEYE. AETREREIE ¢; € C RATEE Pcy)
HaE—A~ BBD B 7, . WF A T(p. f) B HRVART—RER X Uy (p. ) F1 Sp () . H
BIRHIE A ¢; . T, ' pi HYREN A HRUTE 2 MG, TEREBRRI A AT u 75 b, 3
A A AR AR T w ) F 4 S 0 AR 2 A ws | B s = Speriynpiey & o BiE—
AR B(p.r) A TATALE 77 S A MBGEESR A, H7E Ologn + =) i Y3
Mi(p.r) = Bpes, o i« W ws > 0, MEFATRRA A u igah. A0, A5 uo =0 , MF s u
1 TARIE RS

TG pi A % > 0 LB IEH A erg i, RAITOL BT, ik e B ps WD
. FATRE T 3E47 A sum 59, A5 61 = My (pu sare) - TERFILRET, AR TT7
A s =0, AR T u R . TG u e Uy(pn sak) 5
TIAVKI w BPTEIRIORE, M TR AT o, RATEH 0.5 — 0.5 —ws . KGR
R ws = 0 o AEULASRARAT, HIRA 0 MCRE L, AT 9= 0 BN,
Correctness. 31131, &1 7 PHE] T AR § . WAL L0 (22) Xy cpey) b = )
AR TR ¢ € C .\ Sppepiey) I = Sprepep & - SOHART, A 4T 1454
35w M T (p. i) WORUALAT A, TR w B TEIE SN, BRI F Y
o A4 € 0P MR G AT 0D AT per R
]3 )

Z Ui < Z xe

Pi ESP( 6(1+€)2) PEEPEIPI Esp( 6(1+€)2 )spfespi(uhg)z)

T
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Dataset Groups m | d n
Adult Race, Sex 10 | 6 32,561
Diabetes Sex, Meds Prescribed-Y/N | 4 | 8 | 101,763
Census Sex, Age 14 | 6 | 2,426,116
Popsim Race 5 (24,110,608
Popsim_1M Race 5 12| 821,804
Beer reviews Style of beer 6 | 1,518,829

Table 3. #IE&ESIT

MFD (g=.1) —e— MFD (g=.3) —=— MFD (g=.5) —>— MFD (g=.7)
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Fig. 3. EAARRRHIFIESHE MFD KBS k KIELE.

MFD (g=.1) —e— MFD(g=.3) -= MFD(g=.5) —= MFD (9=.7)
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Fig. 4. RNEHRAETEILSEHY MFD BIIZ{THTES k HIELAR .

g=0.1 g=03 g=0.1 g=03
k FN | FY | MN | MY || EN | FY | MN | MY AmInd | As | Afr Am | Nat Haw | Wh || AmInd | As | Afr Am | Nat Haw | Wh
20 0 0 0 0 0 0 0 0 0 0.2 0.2 0.4 0.4 0.4 0.2 1 0 0.2
40 02| 0 1.2 0 0 0 0 0 0.6 14 1.2 0 0.4 0.2 0 0.2 0 0
60 0 0 0 0 0 0 0 0 0.4 0.4 1.2 0 0.4 0 0 0.8 0 0
80 0 0 0.4 0 0 0 0 0 1.4 0.4 1 0 0 0.6 0 14 0 0
100 0 0 0 0 0 0 0 0 0 0.4 0.4 1.4 0 0 0 0 0.8 0

Table 4. Number of points (on average) per color missed by MFD- 0.1 and MFD- 0.3 in Diabetes (left) and
Popsim (right) datasets.

(4) Popsim [? ] J&— P& M4, KA DG S5 gds L & . EHTER
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(6) FATIE H Beer PR EIHE SRAE T A R B b EA TS0 00 o B AR A0 75 o 5 T AN [ i
TS . FOTRITFIR =2 SRR S 2R MR At MR AH 2 1 P8
FRIRA IR FYE S FairDiv [0 @ Sof A5 3 T OB
e, FATEHE AT B MFD k. RATTSEILT Corollary A iy 2 BEH: 22 4F
Theorem ?? W1 3Ey% 5 Theorem ?? L. OEEMEAHES & X TR OHEM L, RAMER T
— AT SO python SEHL [?]. XTIt ¢; € C, FA1i51T Gonzalez Hyk ik
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Fig. 8. MFD FELZHIZITHES k BIEL B EEBI&; .

g - In Table ?? we show two representative results using the Diabetes (left table) and Popsim (right
table) dataset for MFD with g = 0.1 and g = 0.3 . For each k , we assume that for every color we
should take the same number of points, i.e., in Diabetes (Popsim) dataset we should take at least
k/4 (k/5) points per color. We run our algorithm five times and we show the number of missing
points on average for each color. The groups in the second row of Diabetes represent sex and Y or
N (if meds prescribed), while the groups in the second row of Popsim represent race. When g = 0.1
MFD usually misses some points from each group. However for g = 0.3 in most cases, MFD- 0.3
does not miss any point. For Diabetes, MFD- 0.3 never misses a point. For Popsim, the maximum
average number of points it misses for a group is 1.4 . For each k it misses on average 1.16 points
in total, over all groups. Generally, we observed that in all datasets, for every g > 0.3 it is rare
to miss more than 2 points. We conclude that MFD for g > 0.3 successfully satisfies the fairness
requirements. In the next sections, we fix g=0.3 for MFD.

Key Takeaways: MFD with g = 0.3 satisfies the fairness criterion for most settings, has
comparable diversity to other values of g and is highly efficient as compared to higher
values of g .
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Fig. 9. For every algorithm we show the running time to derive a diverse set for k = 100 along with the
diversity of the returned set. Only MFD and FairFlow always return a pareto-optimal solution.
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bh, B ERDTFHFE MFD FriE i Al 50x o FEFTA HABSOARF, MFD S T R4 k A%
AR L AR, SFDM-2 (e =0.15 ) ERETEBAREER k BT SEH 75 MFD MY (B
TERBEIE RO ET) IR, HI2, B k > 20 {84 520 Popsim $idide, HHEDWHT
MFD FirE SR I ] Y 50x o FEFTA B A ER AR k B 795, MFD B BRI ZREE .
Jii A HoA 3 A SFDM-2 (e = 0.75 ). FairFlow £il FairGreedyFlow SZ P ZFEMEER L MFD 22,
FEIXEEF AR AT, FairFlow 1 FairGreedyFlow 7 B A7 U de 5L B 1 e AIRAY 2 R

Bl 22 B TR BRI k AR B Is ATt a) . ATIHER], XHFIrA SR, 1517
IHAIERRE S K 17 5 07 2P . FMMD-S 1 SFDM-2 i i HL i Hofth e RA8152 . Frd Hifte
AR (AT T7 5 MFD HMISLZ FairFlow, FairGreedyFlow) 522431 40 R0 [R]R U5
i IMAESRAY AR 100 g G558 E, MFD FEANE] 80 FRI I ] Y AIL5E AL T 4M iC i) k = 100
Wazfr. MEZT, XTI M gr8dnde, 7520 1000 AR DRHCEL . XL T
MFD 7iff 5 23 F- M1 2 FEAL AR T SRR

Overall, FMMD-S and SFDM-2 return more diverse results, however for some datasets they do
not even finish, or they take even 50X more time than our algorithm. At the same time, FairFlow
and FairGreedyFlow are faster, but the sets they return have a much worse diversity. Although
our algorithm is slightly slower than the fastest algorithms for FairDiv —it scales to large datasets,
and returns sets with high diversity in reasonable time. Overall, it achieves the best tradeoff be-
tween diversity and time. Every other algorithm is either too slow (no result within 100 sec) or the
diversity is too low (5 times worse than the best one).

In order to further show that MFD provides the best balance between diversity and running
time, in Figure ??, we fix k = 100 (similar results hold for any other k ), and for each algorithm
we show the running time to compute a fair and diverse set along with the diversity of the re-
turned set. We represent each algorithm as a point in the (runtime, diversity) plane. An algorithm
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returns a pareto-optimal solution if and only if there is no other algorithm that computes a more
diverse (fair) set faster. We observe that MFD and FairFlow are the only algorithms that always
return a pareto-optimal solution. FairFlow always returns a pareto-optimal solution because it is
the fastest algorithm, however it returns sets with arbitrarily low diversity (Figure ?? (c)). Overall,
MFD achieves the best equilibrium between diversity and running time.

FBIR . B 22 #1022 U T MPD FLHAB SR Z REMERLZATINA], T BB AR (i
[l fry A 5 A A P 6 /NI e o SRR 0 1 45 RS AR ] R/ N A5 SR AR,
H1 EMMD-S SCHL T S AR, (RBCA S 2 AT /N RS . SFDM-2 (e =0.15) HY
0L MFD —F4f, {H Popsim Bl ICA 58 . (EFTA HAE L, MFD SCHL 1%
ﬁé‘ﬁ RIS TEAN B — B A N 5 T kT 58, RIVREO T80 0 R/ i e o
I

Key Takeaways:
(1) MFD TERT GBS B TSR P SE L T e 2 A
(2) SFDM-2 (€ = 0.15 ) and FMMD-S achieve higher diversity but they usually take 20x
or even 60X more time than MFD for some datasets. Jif 5 Hifth J 2k ) 2 AR 8 L
MFD 2=, {HizA 7R LA .
(3) MFD FEAE— 70 B Iy ) oA — T A U BB SR R AT TR AR
(4) MFD TEZ LIRS ATIN ) Z [ S0 T SR A 1A .

(5) MFD always returns a pareto-optimal solution.

MFD #= FairGreedyFlow & vt %% . st 4 i AH R A% O 46 1E B i A, FairGreedyFlow fE
O(k?m*log(k)) IiE] iz4T, Wi MFD fE O(k*mlog®(k)) IH[a] iz4T, DHULEES I MFD L
FairGreedyFlow B, #RMM7, FEsc@ed, @ ??, ?? i, FairGreedyFlow [1iaf T ¥ L
MFD e, A7 P45 R AT DASBREIX — . 1) MFD RS ATt e fs LIk T 1/ (AR
Section ?? FIHAHT) . e, d ZHCZHFE, HILIRANTN IR LW E 225 Pt HE . 38471
SEgm B, XTRORI d (B EREE, d=8), FairGreedyFlow [ MFD R, TfixfT
/N d  (Popsim $idide, d=2), izfrifEJL-FHMIF. i) FairGreedyFlow, *¥f FairDiv [
AL B B K . BRI Bk, SKARS IR B Sl RIE . SR, FESCEt, fi
{18/ T python [ networkx J% Ht Ford-Fulkerson YA AL SE T .

6.3 R RE

B, AR T SFairDiv ARG FAIMERE 22 SCHFA TS L, PRy StreamMFD
, IR ERCREFIIRS SEDM-2 #E47HEE, SFDM-2 1E [?] il © FA A HRA1mE
B (2] PR MRS T IR, B 1) AT SE B TR R, i) ERd RS [?
1 PR R, DA dif) PIRDRIA G AR A A, IS LRl AE iR
AEERGY Be B2 FATFIIEAT i O(km) 1, 1T SFDM-2 77 O(kmlog A) o IEANFEAT
TEBLANGOUT —FE, FATBITPINUA R SEDM-2 53%, Bl SFDM-2 (e =.15 ) FI SFDM-2
(e=.75)c XA kE, 7EE 22w, FAVRR TP ERmE (A AR
JE AL BRI ) (REEHS H B R A fR ey SR R]) DA% StreamMPFD FI SFDM-2 i [n] (4 /5
ZHEPE. StreamMFD BUA SR PRIy BRI [H], & BAT e BRI IS AL RIS R], I HUE R [l 4R
M Z R HL SFDM-2 (e = .15 ) iRWMIBYERAIZHEME. 75—, SFDM-2 (e =.15) HAY
Eh SR SERTIN ] (T EE StreamMFD 8 30 ), i SFDM-2 (e = .15 ) &[G RA R

SR —F, B E A, WATEZOHKE X SFDM-2 f— RANZHEE. FemiaUe i i, oA AV
MASEZHT, T EAEMIOSE. I (2] AR, EESIAR SEDM-2, FAIMNEA MER RN (IEF) M
FRORHE Bk E L Z RS (RSO T BTERIT IR Z EZ T AN ) -

Proc. ACM Manag. Data, Vol. 2, No. 3 (SIGMOD), Article 137. Publication date: June 2024.



137:24 Yash Kurkure, Miles Shamo, Joseph Wiseman, Sainyam Galhotra, and Stavros Sintos
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Fig. 10. MEITISH)FIIEHAE . FAER BT HEEZEN ZHYE.

7 HEXIf
In [2] i LT FairDiv [, FF4%4H TR RZS I SE0E. 45002, Mm =20, fi
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fATH2 T O(kn + mPk? log k) i IA| P32 AT FFIR ] 5, JEAAMAY FairFlow. 24 k A,
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B ¢; 1S Ky /1 — e, BRRARTS . SBATHIA A2 BRI RS . Al — 18X
AR TR A PSR SRR, AR O(nkm®) A PSR [l —
vy DM, AT e, Bk logn B T

AER LA Rt A1 [2 ] 4F FairDiv FUBUHE T—AK /Ny O(e~dmk) ) (1+¢)
coreset, O(nk) HF[]. B R0 A, A8 B VT T — Fh B AR LA A0 0, 0
O(kn +m* 2k [, cc K2) I PR BB EOIE LU B, (2] B0 450 T FEMD-S
LT, RFEAENH e O(mkn + m) BHTRINIE ] 158 3.

AERAALTRELE B, fE#AE [27] M4 T SEDM-2 $13%, %50k #F O(klog A) AL H 77k
WA, WA R O(klog A) AMBHEIEAFIE AL, IF FLF% Ok log A) J4bFirt
iRl 1 FairDiv FUBIHY = M, 4 T R4 e . ERLRARAEI T, 454 TER 10 AL ER
IHH 1T BT DA R O(log k- log A) « Uik A 5 SONMIASEI AT, A = Teeast P20 - o(am)
16 [2] 0, M T — A R AT A TR, (F25 6] S B ] LS AL 0 ]
HRBULT logA

IPAERAEAR A 2 P R BRI . 154 PR Z R, FR R
EESCP, S UEED K AKABE c; 14, I ELA BRI SR, B

ST H bR ek 5 FairDiv AR, R L6183 B BORANRE T34 14 ) R
2?7 ) mREANES kPO REARIBAECR . B0, MERTT2E Gonzalez [? ] Hik
R [E] Max-Min Z#£4k (22119 5 TRME, k -center 2K [? ] i&[H] 2 JT{U{H. Kleindessner et
al. [?] & X T Ak ubid, HERSKRIIBGIE o; SuIME kL HBR & H. i
IAE O(km*n + km®) B RINER L T—Fh (3 - 2771 — 1) IEUB . WEEAFZUEE, Hian
[(22?2] . k HuLBEER TS k -Max-Min Z 46 R8I EVEARR] . ERRLEAEDL R, k -center
MR AERE ] BEXT k -Max-Min Z 846 A F|, as shown in [? ]. For example, assume there are two
blue points with coordinates 0 and 5 — ¢/2 and two red points with coordinates 5+ ¢/2 and 10, for
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an arbitrary small value ¢ > 0 . Selecting the blue point with coordinate 5 — ¢/2 and the red point
with coordinate 5 + ¢/2 constructs an optimum solution for the fair 2 -center problem. However
the diversity is equal to ¢, while the optimum diversity for the FairDiv problem is 10 > ¢ . [A lt;,

) AN A 2F- k -center WY HIA 215 W] DA T FairDiv [/,

8 REKIfE

AT TAE A4 VR 2 AR A T ICE 8. & 75 W AEFS 21 FairDiv [ H AGIUE
SERWEATHE? AAREMENEI0 ¢ € CHIBED K 4F, TIARRED 1L 4. MR
HH BB BOR R AT T FairDiv (B HABRAS 2], HRRABI c; e CHA T
ky FLEBR Kk o e, BFTSRS nT DA H bR S5 A R R A A A A 40 R ) o
HOTMERRA Y o
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